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Abstract 

Consider the d dimensional lattice Z*^ where each vertex is open or 
closed with probability p or 1 — p respectively. An open vertex u := 
(u(l), u(2), . . . , u(d)) is connected by an edge to another open vertex which 
has the minimum Li distance among all the open vertices with x(o?) > u(d). 
It is shown that this random graph is a tree almost surely for d = 2 and 
3 and it is an infinite collection of disjoint trees for d > 4. In addition for 
d = 2, we show that when properly scaled, family of its paths converges in 
distribution to the Brownian web. 

Key words: Coexistence, Learning from neighbours, Markov chain. Random 
walk. Stationary distribution. 
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1 Introduction 

Let S = {xi,X2, . . .} be points of a Poisson point process on M'^ of intensity 1 
defined on some probability space {Q, T , P). For a point x = (x(l), . . . , x((i)) G H 
let /i(x) G H be such that (i) x((i) < h{'x){d) and (ii) ||x — /i(x)||i < ||x — y||i for 
any y G H with x((i) < y{d), where || ■ ||i denotes the Li metric on M"^. This point 
/i(x) is almost surely unique. The directed spanning forest (DSF) is the random 
graph with vertex set S and edge set E := {< x, /i(x) >: x G H}. 

The study of DSF was initiated by Baccelli and Bordenave [BB07], Coupler and 
Tran [CTll] have shown that for d = 2 the DSF is a tree almost surely. Ferrari, 
Landim and Thorrisson [FLT04] also study a directed random graph on a Poisson 
point process, however the mechanism used to construct edges incorporate more 
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independence than is available in the DSF. They show that their random graph 
is a connected tree in dimensions 2 and 3, and a forest in dimensions 4 and more. 
In addition, for this random graph Ferrari, Pontes and Wu [FFW05] have showed 
that for (i = 2 under a suitable diffusive scaling the random graph converges to a 
Brownian web. 

In addition to DSF arising from a Poisson point process, there is also a construc- 
tion of a similar process on the lattice. Let {11^ '■ v G U^} be a collection of i.i.d. 
Uniform (0, 1) random variables. Fix < J9 < 1 and let V := {w E : < p} 
be the set of opcM vertices of Z"^. Given u G Z"^, let v G V be such that 

1. u(d) < v(d), 

2. there does not exist any w G F with w(d) > n{d) such that ||u — w||i < 
||u — v||i, and 

3. for all w G y with w(d) > u(d) and ||u — w||i = ||u — v||i we have < Uy,. 

Such a V is almost surely unique and we denote it by h{u). Let < u, /i(u) > be 
the edge joining u and h{u) and let E denotes the edge set given by, 

E := {<u,h{u) >:ueV}. (1) 
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Figure 1: The construction of h{u) from u on Z^. The shaded points are open, 
while the others are closed. Note that in order to get h{u) from u, we aquire 
information on the uniform values of the gray vertices. 



The discrete DSF is the random graph G := {V,E). These processes are called 
drainage processes (see Scheidegger [S67]) and have been studied in the physics 
literature extensively (Rodriguez- Iturbe [RR97]). Mathematically, for similar dis- 
crete processes but with a condition for constructing edges which allow more inde- 
pendence, the dichotomy in dimensions of having a single connected tree vis-a-vis 
a forest have been studied (see [GRS04], [ARS08]). In addition, their diffusive 
scahng limits have also been shown to be Brownian webs (see Coletti [CFD09]). 
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In this paper we study the most general discrete drainage network as defined 
in the preceding paragraph, and show that the tree/forest dichotomy in dimen- 
sion holds, as well as the two dimensional scaling limit of the random graph is 
a Brownian web. Thus, this paper may be viewed as an extension, albeit in the 
discrete setting, of Coupler and Tran [CTll] result to any dimension. Our proof 
is different from that of Coupler and Tran; while their argument is percolation 
theoretic and crucially depends on the planarity of R^, our argument exploits a 
Markovian structure inherent in the DSF which allows us to extend the result to 
any dimension. 

Theorem 1 For d = 2 and d = 3 the random graph G is connected almost surely 
and consists of a single tree while for d > 4, it is a disconnected forest with each 
connected component being an infinite tree almost surely. 

Baccelli and Bordenave [BB07] have shown that scaled paths of the successive 
ancestors in the DSF converges weakly to the Brownian motion and also conjec- 
tured that the scaling limit of the DSF is a Brownian web. For the diffusive scaling 
of the discrete random graph G on Z^, let vr" := {(iT^(t),t) : t > u(2)}, u G Z*^ 
denote the graph of the path obtained by the edges {< h^~^{u), h''{u) >: k > 0)} 
of the DSF /i°(u) := u. Let 

A' := {tt" : u G V}, 
and, for 7, cr > 0, define the n th order diffusive scaling of X by 

M7,ct) := {(^, ^) : y := 1/(2)) G X}. (2) 

We have 

Theorem 2 For d = 2, there exist o := o"(p) and 7 := 7(p) such that as n 00, 
Xn{li<y) converges weakly to the standard Brownian Web. 

The proof of Theorem [1] requires that we obtain a Markovian structure in 
our model and define suitable stop times for this Markov process. From these 
stop times the process regenerates which allows us to phrase the problem as a 
question of recurrence or transience of the Markov chain. This we do by obtaining 
a martingale for d = 2, using a Lyapunov function technique for ci = 3 and a 
suitable coupling with a random walk with independent steps for d = 4. 

The martingale obtained for d = 2 together with the fact that the distribution 
of the stop time has an exponentially decaying tail is used to prove Theorem |2j 

The paper is structured as follows - in the next section we construct the paths 
of the graph G starting from two distinct vertices u and v. In Section 3 we prove 
Theorem [T] and in Section 4, we prove Theorem [21 
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2 Construction 



We first detail a construction of tlie grapli G wliicli brings out a Markovian 
structure. Towards this end from two vertices u, v e Z*^ we obtain the vertices 
/i^(u), /i^(u), . . . and /i^(v), /i^(v), . . . as a stochastic process as foUows:- 
Fix u, V e Z'^ with \x{d) = w{d) and set ^o(u, v) = 0. Let 

gi{\i) := h{u),gi{-v) := /i(v) and 

^i(u, v) := {(w, f/w) '■ w G Z°',w((i) > mm{gi{u){d) , gi{v){d)} and 

||u - w||i < ||u - 5fi(u)||i or ||v - w||i < \ \v - gi{\)\\i} 




u 



Figure 2: The construction of gii(u), gii(v). The union of the two shaded region is 
^i(u,v). 



Having obtained (?n(u), (?n(v) and the history set i/„(u, v), to obtain 5f„_|_i(u), 
5i„+i(v) and i7„+i(u, v) we need to explain the evolution of the process for the 
three cases 

(0 9n{u){d) = gn{y){d), {ii) gn{u){d) > gn{v){d) and {Hi) gn{u){d) < gnM{d). 



In case (i), both the vertices 5'n(u) and 5'„(v) move, while in cases (ii) and (iii), the 
vertex with the smaller d th coordinate moves and the other vertex remains fixed, 
albeit with a new label. The history set Hn{u, v) is obtained accordingly. Formally, 
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in case (i), i.e., g„{n){d) = gn{v){d), set 

5f„+i(u) := h{gn{u)), Qn+iiy) ■= h{gniv)) and 

^„+i(u,v) := {(w, f/w) : w G Z'^,w{d) > min{5(„+i(u)((i), 5f„+i(v)((i)} and 
at least one of the following three hold: 

(a) ||^„(u) - w||i < ll^n(u) -^„+i(u)||i, 

(b) ll^n(v) - will < ||^„(v) -^„+i(v)||i, 

(c) w G ^„(u, v)}; 




gn{n) ^„(v) 



Figure 3: The construction of the process {gj{u.), gj{\), Hj{u,v) : j > 0} from 
u and V. Case (i): at n th step if gn{u){d) = gn{'v){d) then both of them move 
together. 

in case (ii) i.e., gn{u){d) > gn{'v){d), set 
5(„+i(u) := 5(„(u),5-„+i(v) := h{gn{y)) and 

^„+i(u,v) := {(w,C/w) : w G Z'^,w(o?) > min{t/„+i(u)(o?), t/„+i(v)(ci)} and 
either ||t/„(v) - w||i < ||c/„(v) - c/„+i(v)||i or w G ^„(u,v)}; 
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in case (iii) i.e., 5'n(u)(d) < gn{v){d), set 
gn+i{n) := h{gn{u)),gn+i{v) := gn{v) and 

^„+i(u,v) := {(w, t/w) : w G Z'^,w(rf) > mm{gn+iiu.){d), gn+i{v){d)} and 
either \\gn{n) - w||i < ||fif„(u) - gn+i{u)\\i or w e ^„(u, v)}. 



/ ^ \. 9n{n) 
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\ 
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Figure 4: The construction of the process {gj{u), gj{\), Hj[u,v) : j > 0} from u 
and V. Case (ii): at n th step if gn{u){d) ^ gn{v){d) then vertex with smaller d 
coordinate moves. 



Note that {gn{u) , gn{'v) : n > 0} is a relabelling of the vertices {h''{u), h^{\) : 
A; > 0}, the indexing is done to ensure that the processes from u and v move in 
tandem. 

Given gr„(u), 5r„(v) and ^„(u,v), with gn(u)(d) < gn(v)(d), to obtain gn+i(u) 
and (?n+i(v) wc need to know (i) for vertices w on the boundary of the region 
{x : (x, f/x) G Hn{u., v)}, and (ii) U^f for vertices w G Z'^ \ i/n(u, v) with w{d) > 
gn{u){d). This latter part we could check independently in a sequential manner 
by studying the unexplored vertices x ^ if„(u, v) with ||x — (7„(u)||i = /c , for 
k — 1,2,..., and stopping the first time we obtain a k with Uy^ < p. A similar 
method may be employed when gn{\i){d) = gn{^){d). with the sequential procedure 
used for both 5'n(u) and 5'n(v). Thus (?„+i(u), (?„+i(v) and i/„+i(u, v) depends 
only on g(„(u), 5i„(v) and i?„(u, v) together with the values of the uniform random 
variables associated with the unexplored vertices. This observation yields the 
Markov property: 
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Proposition 1 For u, v G Z'^, u{d) = v{d) the process {(5f„(u), (7„(v), iJ„(u, v)), 
n > 0} is Markov with state space Z'^ x Z"' x {(w, f/w) : w G 5, S dl/, S finite}. 

Let {X„(u, v), if„(u, v) : n > 0} be a time homogeneous modification of the 
above Markov process where, for gn{u){d) > gn{'v)(d) 

X„(u, v) := gniu) -5'„(v) 

Hn{u, v) := {(w - 5'„(v), f/w) : (w, Uy^) G i/„(u, v)}, 
and, for 5'n(u)((i) < 5'n(v)((i) 

X„(u, v) := 5(„(v) - gniu) 

Hn{u, v) := {(w - gn{u), f/w) : (w, f/w) e -f/„(u, v)}. 

Remark: Although we have defined the Markov process starting from two distinct 
vertices, for any A; > 1 a similar method can be used to define the Markov pro- 
cess {gn{ui), . . . , gn{uk), Hn{ui, . . . , Ufc) : n > 0} starting from k distinct vertices 
ui, . . . , Ufc with Ui{d) = U2{d) = ■ ■ ■ = Uk{d). 
Let 



Ln(u, v) : = 



ifi^n(u,v) 

max{x((i) : (x, y) G Hn{u,v) for some y G [0, 1]} otherwise 



denote the height of the history set Hn{u, v). 

Before we proceed we note some properties of the history set. Given a vertex 
w G Z'^, let Wm denote the vertex 



w(i) for I < i < d — I, 

m + w((i) for i = d 



and suppose (7„(u)((i) < gn{y){d). 

(a) The history region T!„(u, v) := {w : (w, f/w) G i/„(u, v)} is a finite union 
of d- dimensional tetrahedrons, with each tetrahedron in this region having 
a, d — 1 dimensional cube as a base on the hyperplane {x G Z'^ : x((i) = 
1 + 5f„(u)((i)}. Also, f/w > p for every vertex w in the interior of the region 

7;(u,v). 

(b) The tallest tetrahedron in the history region T„(u, v) is of height -L„(u, v). 

(c) The vertices {((yf„(u))m : m > 1} and {{gniy))m m>l} are not in T„(u, v). 
(This is represented for the history region if„_|_i(u, v) in Figured) 
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Figure 5: Geometry of the history region T„,_|_i(u, v) in T?: vertices {(5f„+i(u)) 
m > 1} and {((7„+i(v))m : m > 1} are not in T„+i(u, v). 



Let 

r(u, v) := inf {n > 1 : iJ„(u, v) = 0}. 

Note that r(u, v) = inf{n > 1 : L„(u, v) = 0} denotes the number of steps 
required for the process to regenerate, i.e. to reach a state of empty history. Also, 
at the regeneration step, the two paths must be at the same level in terms of their 
d th coordinate, i.e. (?t-(u,v) (u) ((i) = (7^(u,v)(v)((i). (See Figure El) 

" 5'r(u,v)(u) 5'r(u,v)(v) 




Figure 6: At the regeneration step r(u, v) of the process 
{5(„(u),5(„(v),if„(u, v);n > 0} we have g-r{u,v){u){d) = fi'r(u,v)(v)(rf). 

Proposition 2 There exist constants Ci,C2 > such that, for all n>l, 
P(r(u, v) > n\u{d) = v{d), Ho{u, v) = 0) < Ci exp(-C2n). 
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Proof: First note that property (c) of the history region ensures that, for every 
n > 0, given ^„(u, v), the random variables 

Jn(u) := inf{m : gn{u)m e V} and Jn(v) := inf{m : gnMm e V} (3) 

are geometric random variables, each with success probability p. 

Also, let {Gn : n > 0} be a family of i.i.d. geometric random variables with 
success probability p, independent of {?7x : x e Z^}. 

We construct a sequence of random variables Jo, Ji, . . . where, for n > 0, 

{max{J„(u), J„(v)} if 5'„(u)(rf) = 5'„(v)((i) and gn{u) ^ Qniy), 
max{J„(u),G„} if 5'„(u)((i) < gniy){d) or ^(^(u) = gniy)-, 
max{J„(v),G'„} if 5f„(u)((i) > gn{v){d). 

We have 

P( J„+i < m|c/n(u), 5n(v), i/n(u, v)) = P(max{Gi, G2} < m) for all m. (4) 

Consider the Markov process {M„(u, v), g'„(u), g'„(u), if„(u, v) : n > 0} where 
(yf„(u), (7„(u), Hnivi, v) are defined as earlier and M„(u, v) is a non-negative integer 
valued random variable defined recursively as 

Mo(u,v) := and 

max{M„_i(u, v) - 1, 0} if Jn-i = 1, 
M„_i(u, v) if 1< J„_i < M„_i(u, v) 

and M„_i(u, v) > /q, (5) 
Jn_i if J„_i > M„_i(u,v) > Zo, 

Zo + Jn-i otherwise; 



M„(u,v) := < 



here /q > 1 is a constant which is specified later. First note that Lo(u, v) — 
Mo(u, v) = and, by induction, we may show that the couphng above ensures 
< L„(u, v) < M„(u, v) for all u, v and all n > 0. Indeed, assuming L„(u, v) < 
M„(u, v), we have 

(i) if Jn = 1 then L„+i(u, v) = max{L„(u, v) — 1, 0} < max{M„(u, v) — 1,0} = 
M„+i(u, v); 

(ii) if M„(u, v) > Iq and 1 < Jn < M„(u, v), then M„+i(u, v) = M„(u, v), while 
L„+i(u,v) < max{J„,L„(u,v)} < M„+i(u,v); 

(iii) if Jn > Mn(u,v) > Iq, then J„ > L„(u,v) and so L„+i(u, v) < Jn ^ 
M„+i(u, v); 
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(iv) if L„(u, v) < M„(u, v) < /q then 

Ln+i(u, v) < L„(u, v) + Jn<h + Jn = M„+i(u, v). 

Hence, to prove the proposition, it suffices to show that, taking r(M(u, v)) := 
inf{n : Mn(u, v) = 0}, we have 

P(r(M(u,v)) > n|Mo(u,v) = 0) < Ciexp(-C2n), (6) 

for some constants Ci, C2 > 0. 

Towards this end we consider a random walk Sn '■= Sq + ^^{=1 where Zj, 
i > 1, are i.i.d. copies of the random variable Z^''°'> which takes values in the set 
{ — 1, 0, 1, 2, ... } and is defined by 

{2p(i_p)«o+fc iffc = l,2, 

p2 if A; = -1, (7) 

1 _ 2(1 ifA; = 0. 

The random walk {Sn, n > 0} has negative drift for /q such that 

J2 ^kp{l - pt^^ = 2^-^-^ < p\ (8) 

fc=i ^ 

A comparison of the probabilities given in (j5]) and ([7]) shows that for I >lo., k > —1 
and for all u, v with u((i) = v((i) 

P(M„+i(u, v) > / + A;|M„(u, v) = /) < P(5„+i >l + k\Sn = l). (9) 

Thus the process {Sn, n > 0} dominates the process {M„(u, v), n > 0} in the 
sense that for any u, v and for any I > Iq, 

P(r^ > n\So = l)> P(rl°(u, v) > n|Mo(u,v) = /); (10) 

where := inf{r;, > 1 : Sn = Iq - 1} and rj^j^u, v) := inf{?T, : M„(u, v) = Iq - 1}. 
By construction Sn is a left continuous random walk with negative drift and hence 
we know that 

¥{t^ > n\So = Iq + maxjCi, G2}) < csexp (—0472) for some constants C3, C4 > 0. 
Let Fi, ... be i.i.d. random variables with 

P(ri < n) := P(r'^ < n\So = k + max{Gi, G2}). 
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Suppose G^''°^ is a geometric random variable with success probability and 
independent of Fi, For 

J(h)-i 

1=1 

we have 

P(Fr«, >n)< Csexp (— cgn) for some constants C5, ce > 0. 

This completes the proof since from the Markov property it follows that Trw 
stochastically dominates r(X(u, v)). □ 
Before we end this section we make same observations of our construction which 
are used later. 

1. For any two pairs of open vertices Ui, vi with ui{d) = \'i{d) and U2, V2 with 
U2{d) — V2((i), t(M(ui, Vi)) and t(M(u2, V2)) have the same distribution. 

2. Suppose {Gj : i > 0} and {G^ '■ i > 0} are two independent families of i.i.d. 
geometric random variables each with success probability p and independent 
of {M„(u, v) : n > 0}. For 

t(M(u,v)) 
1=0 

we have that 

P(r >n) <Di exp -(L>2n) (11) 
for some constants -Di, -D2 > 0. 

3. For J > and u,v eV with u{d) = \{d), let 

Tj + l(u,v) 

W,iu,v) := Yl {||^.(u) -5.-i(u)||i + ||^,(v) -5,_i(v)||i} (12) 

i=T,(u,v)+l 

denote the width of the region explored between the regeneration times 
rj (u, v) and rj+i(u, v). 

Similarly, for the process starting from only one vertex u, the width of the 
region explored between the j th regeneration step and j + 1 th regeneration 
step is 

WAn):= ^X;^ {Mn)-g,.,{n)\U}, (13) 
11 



where Tj(u) is the j th regeneration step for the process {h^lu) : n > 0}. 
From property (c) of the history region we have that, for any a > 0, 

F{Wj{u, v) > a) < P(r >a)<Di exp -(Dga), (14) 
¥{Wj{u)>a) < F{T > a) < Diexp-{D2a). (15) 



3 Tree and Forest 

In this section we prove Theorem[Il For x e Z'^ let x := (x(l), . . . , x(d-l)) G Z'^-\ 
For any u,v E V, with u{d) = v((i), 



{Zj{u, v) := ^r,(u,v)(v) - ^r,(u,v)(v) : j > 0} (16) 
is a time homogeneous Markov chain with a single absorbing state at on Z'^"^. 

3.1 d=2 

To begin with, for = 2, we first obtain a martingale which we also use later 
for the proof of Theorem [2J Let u,\ E V with u(2) = v(2) and consider the 
filtration J'o ^ J^i C ■ ■ ■ where J'i := a{U^ : u(2) < x(2) < u(2) + i}. Let 
Tj(u, v) := 5f^,(u v)(u)((i) — u{d) be the distance travelled in the d-th direction till 
the j th regeneration time. Note that in our earlier notation rj(u, v) denotes the 
number of steps taken till the j-th regeneration. Thinking of the d-th direction as 
time, Tj(u, v) denotes the time taken for j-th regeneration and it is easy to see 
that Tj(u, v) is a stop time with respect to the filtration {J-^ : i > 0}. 

Proposition 3 Ford = 2 andu,v G V withu{2) = v(2), the process {(7t-j(u,v)(u)(1) 
j > 0} is a martingale with respect to the filtration {J^Tj{u,v) : J > 0}. 

Proof: Since (7^^-^j(u^v)(u)(l) — (7t-j(u,v)(u)(1) is J^Tj+i(u,v) measurable and indepen- 
dent of J^Tj(u,v), it suffices to show that E[(7t-^.^-^(u,v)(u)(1) — (7t-j(u,v)(u)(1)] = 0. 

It is easy to see that the 1-dimensional process {/i^**^"^(u)(l) : i > 0} is a 
symmetric random walk with increments being independent and identically dis- 
tributed. For j > let ^^(u) be the time taken for j-th regeneration of the process 
{/i"(u) : n > 0}, i.e. 

5,(u) := /.^^(")(u)(2)-u(2). 

Note, for any u, v, a regeneration time of the process {(7„(u), (yf„(v), -ff„(u, v); n > 
0} must necessarily be a regeneration time of the process {/i"(u) : n > 0}. Hence 
we have a random sequence Jq < /i < ■ ■ ■ such that 5'/^ (u) = Tj(u, v). Also for 
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Figure 7: A regeneration time of the process {(7„(u), 5f„(v), iJ„(u, v); n > 0} must 
necessarily be a regeneration time of the process {/i"(u); n > 0} as well as of the 
process {/i"(v);n > 0}. 



any n > 1 and k > 1 

{Ij <n}n {Sn{u) <k}e a{U^ : x G [u(l) - u(l) + A;^] x [u(2), u(2) + k] 

U[v(l)-fc2^v(l) + A;2] X [v(2),v(2) + fc]}C 

Hence Ij is a stop time with respect to the filtration {J^Skiu.) '■ k > 0} and moreover 
from fill I) it has moments of all orders. It is easy to see that /i'^'=+i'^")(u) — /^'^''("^(u) 
is J^s^._^^(u) measurable and independent of ^^^^(u)- Thus using Wald's identity we 
have 

E[^7.,,,(u,v)(u)(1)-^7.,(u,v)(u)(1)]=eI g [/.-.-(")(u)(l)-/^-.--(")(u)(l)]j =0. 

□ 

Now we will show that the paths originating from u and v meet almost surely. 
First suppose that u(2) = v(2). Since the paths : n > 0} and {^'^(v) : 

> 0} do not cross each other {(^^-^(u v)(v)(l) — (7t-j(u,v)(u)(1) '■ j > 0} forms a 
nonnegative or nonpositive martingale depending on whether v(l) > u(l) or not, 
and by the martingale convergence theorem, there exists a random variable Z^o 
such that (yfT-^.(u,v)(v)(l) — 5'r,(u,v)(u)(l) — )• Z^o a.s. as j — )■ oo. Also, being the 
only absorbing state of the Markov chain {gT..(u,v)(y){^) — fi'Tj(u,v)(u)(l) : j > 0} 
we have Z^o = a.s., i.e., 5'n(u) = 5'„(v) a.s. for some n > 0. 
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Next suppose that v(2) > u(2). Consider the random set 

A = {x : x(2) = u(2), x(l) > u(l), x G V, /i(x)(2) = v(2), /i(x)(l) = x(l)}, 

i.e. the set of vertices x at the same level as u, but to the left of u, for which /;,(x) 
is at the same level as v and does not carry any history. For n > 0, En denotes 
the event that {(u(l) + n, u(2)) e A and (u(l) + j, u(2)) ^ A for all < j < n}. 

P(5f„(u) = 5'm(v) for some m,n > 1) 
> P( there exists x G A, (7n(x) = (7„(u) for some n > 

and gm{h{x.)) = Qmiy) for some m > 0) 

= ^P(5(„(x) = 5(„(u) for some n > 0, 5(„(/i(x)) = ^'^(v) for some m > 0|£'„)P(£'„) 

n>0 

n>0 
= 1. 

This completes the proof of Theorem [1] for d = 2. 
3.2 d = 3 

It suffices to show that the paths originating from and v with v(3) = meet 
almost surely. For d = 3 we modify the valued Markov process {Zj{0,\) : j > 
0} defined in f|T6l) such that the transition probabilities are the same except that 
instead of (0, 0) being an absorbing state we have 

P((0,0)->(0,1)) = 1. 

With a little abuse of notation we denote this modified chain also by {Zj{0,v) : 
j > 0}. This modified chain is clearly irreducible. To show that the original 
Markov process is absorbed at (0, 0), it suffices to show that the modified chain is 
recurrent. Consider the function / : — t- [0, oo) defined by 

fix) = ^log(l+||x||i). 

Note that f{x) — )■ oo as | |x| I2 — oo . To show that {Zj{0, v) : j > 0} is recurrent, 
by Foster's criterion [see Asmussen (1987), Proposition 5.3 of Chapter 1, page 18] 
it is enough to show that there exists < /cq < 00 such that 

E[/(Zj+i(0, v)) - /(Zj(0, v))|Zj(0, v) = x] < for all x with ||x||2 > ko- (17) 
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Let v4x,fc := {Wo{0,x) < |}, where 1^0(0, x) is as in The translation 

invariance of our model and the Markov property ensures that 

E[/(Z,+i(0, v)) - /(Z,(0, v))|Z,(0, v) = x] 
= E[/(Zi(0,x))-/(Zo(0,x))] 

= E[/(Zi(0,x)) -/(x)U^J +E[/(Zi(0,x)) -/(x)Uc J. 

Let -B„(u) := {y : ||y — u||i < n}. Now, for ||x||2 > k, on the event y4x,fc the 
two boxes -Do'^'lO) '■= ^vyo(o,x)(6) x [0,Ti(O,x)] and -Cq'^'W '■= -Bvyo(o,x)(x) x 
[0, Ti(0, x)] are disjoint and contain the set of vertices explored till the first regen- 
eration of the process {gj{0), gji^), Hj{0, x) : j > 0}. Moreover on this event, each 
of the two coordinates of the increments of the Markov process {Zj (0,x) : j > 0} 
are symmetric about and identically distributed. This observation together with 
the translation invariance property gives. 




W^o(0,x) 

Figure 8: The shaded regions represent Dq'^{0) and Dg'^(x). 



mr{k) := E[(Zi(0,x) - Zo(0, x))(l)U^_J^^ = E[(Zi(0,x) - Zo(0, x))(2)U^_J^ 
rUrAk) ■■= E[((Zi(0,x) - Zo(0,x))(l))^((Zi(0,x) - Zo(0, x))(2))n^^ J 

= E[((Zi(0, x) - Zo(0, x))(l))''((^i(0, x) - Zo(0, x))(2))'U^ J 
mr{k) = for all odd r 
^r,s{k) = whenever either r or s is odd . 

For m G N on the event A'^i^H {1^1(0, x) = | + m} we have 

||Zi(0,x)||^-||Zo(0,x)||2 < ||^,,(o,x)(0)(l,2)||? + ||^7.,(o,x)(v)(l,2)-v(l,2)||? 

< 2(^ + m)2; 
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hence, using f|TT]) . 

E[(||Zi(0,x)||^-||Zo(0,x)||^)U,)]' < 5^2(^ + mfP(iyi(0,x) = ^ + m) 

m>l 

< 5^2(^ + mfP(r = ^ + m) 

m>l 

= o(A;^^) as A; — oo. 

The second inequahty follows from f|T^ . Now calculations similar to those in 
Theorem 2.1 in [GRS04] show that for ||x||2 > k, as k ^ oo 

E[||Z,+i(0,v)||^-||Z,(0,v)||^|Z,(0,v)=x] = «(A;) + o(A;-2) (18) 
E[(||Z,+i(0,v)||^-||Z,(0,v)||^)2|Z,(0,v) = x]>2a(A;)||x||^ (19) 
E[(||Z,+i(0,v)||^-||Z,(0,v)||^)3|Z,(0,v) = x] = O(||x||^), (20) 

where a{k) := 2m2{k). Using the above estimates in the Taylor series expansion 
of /, as in [GRS04], we get that there exists ko large enough so that for ||x||2 > ko 

E[/(Z,+i(0, v)) - /(Z,(0, v))|Z,(0, v) = x] < 0. 

This proves that the modified Markov chain is recurrent and completes the proof. 

3.3 d>4 

In this subsection we present the proof only for d = 4. The argument for > 4 is 
similar. We first show that for Z^, P(G is disconnected ) > 0. We start with two 
open vertices u and v in with u(4) = v(4). Consider the Z^ valued Markov 
chain {Zj(u, v);j > 0} where Zj{u,\) as in f|T6l) . We couple this Markov chain 
with a suitable random walk on Z^, and by comparing this chain with the random 
walk we show that there is a positive probability that the Markov chain does not 
get absorbed at (0,0,0). We first construct the desired random walk and present 
the formal details of the coupling procedure thereafter. 

Let {U^ : X G Z^} be a collection of i.i.d. U (0, 1) random variables and consider 
the directed spanning forest Ga '■= (Va,-Ea) with the open vertices Va and edges 
Ea = {< u, /i"(u) >: u e Va} obtained from {U^ : x G Z^}, with h^iu) being 
similar to that in ([T]). Let Gf, be another directed spanning forest obtained in a 
similar fashion from a collection {U^ : x G Z'^} of i.i.d. f/(0, 1) random variables 
independent of {f/^ : x G Z^}. Let {/i^(u) : n > 0} and {/i^v) : n > 0} he the 
paths from u and v in the forests Ga and Gb respectively. Define 

g1{n) := /i?(u) and gl{v) := /i?(v) 
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and 

'h^{gl_M)) if<_i(u)(4)<^?ti(v)(4) 
g'^_i{vL) otherwise, 



h\gi_,{w)) if^?tl(v)(4)<^7^l(u)(4) 

9n-i{^) otherwise. 

As in Section 2, this relabehng is done to ensure that the two processes move in 
tandem. Let H^{u, v) and H^{u, v) be the history sets associated with the process 
K(u),^?^(v):n>0}, i.e., 

H:iu,v) := {(w,f/^) : w G Z^w(4) > minK(u)(4), (7::,(v)(4)} and 
at least one of the following two hold: 

(a) |K-i(u)-w||i<|K-i(u)-^7»||i 

(b) wG/f„%(u,v)}; 

i7^(u, v) := {{w,U'j : w G Z^ w(4) > minK(u)(4), ^?^(v)(4)} and 
at least one of the following two hold: 

(a) ||^?ti(v)-w||i<||^ti(v)-^,::(v)||i 

(b) wG//ti(u,v)}. 

Let r*"'^(u, v) := inf{n : iJ^(u, v) = if^(u, v) = 0} denote the number of 
steps required for the regeneration of the process {g!^{u) , g^{-v) : n > 0}. As in 
Proposition [2] we have for r*"'^(u, v) 

P(r'"'^(u, v) > n|u(4) = v(4), H^iu, v) = H'q{u, v) = 0) < Ci exp{-C2n). (21) 

Indeed as in ([3]), given H^{u, v) and -f^^(u, v) property (c) of history regions allows 
us to define for every n >0, 

J^(u) := inf{m : f/;„(„)^ < p} and 4(v) := inf{m : f/^^^^^^ < p} 

as independent geometric random variables, each with success probability p. Let 
{Gn : n > 0} be i.i.d. family of geometric random variables each with success 
probability p and, also independent of {U^ : x G Z^} and {U^ : x G Z^}. Construct 
a sequence of random variables Jq"''^, Jl"''^, J^'^-, . . ., where for n > 

r max{4"(u), J^(v)} if gl{n){A) = g'S^){A) 
JT' = I max{4-(u),G„} if ^;^(u)(4) < (7^(v)(4) 
[max{4(v),G„,} if <(u)(4) > g'Mi'^)- 

As in (jl]) we have for all m 

P(Jr+i < m|^„(u),^„(v),i^;j(u, v),if^(u, v)) = P(max{Gi,G2} < m). (22) 
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Now consider the Markov process {M™'^(u, v), (7°(u), i7^(u, v), (7^(v), iJ^(u, v) : 
n > 0} where M^"'^(u, v) is defined in a similar fashion as Mn{vL, v) using J^'^ in- 
stead of J„ in (E]). Defining r(M*"''^(u, v)) := inf{?T, : M^^{u, v) = 0}, the couphng 
as in the first part of the proof of Proposition |2] gives r*"''^(u, v) < r(Af*"''^(u, v)). 
Because of ( 122|) we have 

r(M-'^(u,v))^r(M(u,v)) (23) 

and hence (l2Ti) is true. 
Let 



^- := {te(u) - <_i(u)) : r™'l(u, v) <n< rj"'^(u, v)} 
^? := {(^ - ^O^) : rJ-Ku, v) < n < rp'in, v)}; 

: j > 1} is a collection of i.i.d. finite blocks of random variables with 
each of the blocks D'j and D'j being identically distributed for each j > 1. Thus, 
for j > 

is a random walk on with zero mean and finite variance covariance matrix. 

Now we construct the coupled process c. First we need some notation. Given 
a vertex u G Z'^ let 



Am(u) : = 



{w G Z'^ : u((i) < w{d) < m and ||w — u||i < m — u{d)} if m > u((i) 

otherwise. 



Let g^{u) := u, 5fg(v) := v and H^{u,v) := 0. 

Since the construction of the process is slightly different from that in Section 
2, we give the details here. The reader should note that this construction yields 
two paths from u and v which are probabilistically equivalent to two paths from 
u and V in our original process. Define 

gtiu) := h^{u), gl{w) := v, 

Hf''\xx,w) :={(w,f/^) : w(4) > v(4), ||u - w||i < ||u - (7^(u)||i}, 
Hf\u,^,) :=0, 

Having obtained gl{\i),gl{\) and the history sets H'^"'\u, v), Hl!'^\u, v), Hj:{u, v) 
for all < A; < n, we define recursively for the three cases 
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u 53(v) = V 



Figure 9: Construction of the coupled c process from u and v. The darker shaded 
regions represent Hn"'\u,Y) and the hghter shaded regions represent Hn^\u,v). 



(i) If^7:(u)(4) = ^7:(v)(4) 

(tt) If (7:(u)(4) > (7:(v)(4), (/^_,(v) = g^X^) and g'^_,{u) = g'^{u) 
(m) If (?:(u)(4) > g'M{A) and ^^.^(v) ^^(v) or ^^.^(u) gl{n). 

In cases (i) and (ii), we set 

^n+l(u) - ^"(yn(u)), y^+i(v) := ^^(V), 

//:g(u, v) := i/^(«)(u, v) U {(w, [/«) : w(4) > max{^^(v)(4), ^;;(u)(4)} and 

ll^n(u) - will < II^^(U) -^^+i(u)||i}, 

i/:^i(u, v) := Hil\{u, v) U i/:S(u, v). 
For case (iii), consider 

^U9n{^)) ■■= A^(^:(v))n{w:(w,[/:)ei/^('^)(u,v)} 

Kn{9n{^)) {(w,t/:):weA^(^;;(v))}U{(w,t/4):weA^\'^(^;;(v))}. 
Define 

"^n+i '■— inf{m : there exists (w, x) e A^(g'^(v)) with x <p} 
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z if m„+i < 5(^(u)(4) 
otherwise, 



where (z,x) G A^^+ils-^lv)) and x < y for all (w,?/) G A: 
For case (iii) we need to consider two situations. 
If m„+i < ^^(u)(4) 



^n+l(v) 



Jn+1 



^S!(u,v) 



w„+i 



i^^+i(u,v) := 
If m„+i > 5'^(u)(4) 

^n+l(u,V 

Set Tq (u, v) 



Hf\n,v) U {(w,f/t) : w G A^:^^(^:(v))} 
n{(w,x) : < X < 1, w(4) > (7:+i(v)(4)} 

/7^(")(u, v) n {(w,x) : < X < 1, w(4) > ^7:+i(v)(4)} 



/j:5(u,v)Ui/, 



n+l(u,v) 



W G A'^" 



)(4)(^n(v))} 



U, V 



0}, 



: i/f)(u,v)U{(w,f/t: 

0, and for j > 1, let 

rj=(u,v) := inf{r2 > r/_i(u, v) : i/^(u,v) 

denote the number of steps required for j th regeneration of the c process. 
Define a valued process as, 

Z;(u, v) := ^'c(^_^)(v) - ^^c(^_^)(u), 

which is identically distributed with the process {Zj{u,\); j > 0} defined in fITB]) . 

Consider the event that till the regeneration step rf(u, v), the set of vertices 
explored to obtain the path {(/^(v) : < n < r(^(u, v)} is disjoint from the set of 
vertices explored to obtain the path {g'^{u) : < n < r(^(u, v)}. On this event 
9t^{uv)(^) depends only on the {U^} values in the explored region and ^'^^^(^^^(v) 
and 5'"a6(u,v)(") ^^"^^ 5'rf(u,v)(v) and fi'^c(u,v)(u) respectively. Fix j > 1, 

and let 



{Il9f(u)-Sti(")lli + Il9,'(v)-Jti(v)||i}. 



i=r"^j (u,v) + l 
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From fl23l) . as in f|T^ we have, for any I > 0, 

F{Wf{u,^r) >l)< P(r > /) < Diexp-{D2l), 
for positive constants Di and D2] and hence 

P(Zf (u,v) = Z[(u, v)) > 1 - D.expi-oJ-^). (24) 
Given e > define the event 

A„,,(u, v) := {c/'^4(u,v)(v) G ^^^^(u,v)(u) + (A„2(i+.) \ A„2{i-.)), 

£/r,(u,v)(v) ^ ^r,(u,v)(u) ^OT all j = 1, . . . , n^}, 

where A„ := {x G 2''^ : | |x| |i < n}. 

Lemma 1 For < e < ^, there exist constants C, /3 > and uq > 1 such that, 
for all n > uq, 

inf P(A„,(u,v)) > 1 -Cn-^ 

veu+(A^(i+,)\A^(i_,)) 

Lemma 1 and its proof are similar to that of Lemma 3.2 of [GRS04]. Here we 
define an independent version of the event A„^e(u, v) as, 

5n,e(u, V) := {^^a5(^_^)(v) G <a|(u^^)(u) + (A„2(l+.) \ A„2(l-.)), 

Il^r;''(u,v)(v) - <;0(u,v)(")lli ^ ^logn fo^ all J = 1, . . . ,n^}. 
Similar calculations as in the proof of Lemma 3.2 of [GRS04] give us, 

inf l-P(fi„,,(u,v))<C3n-°, (25) 

veu+(A^(i+,)\A^(i_,)) 

which is a version of equation (19) of Lemma 3.2 of [GRS04]. The only difference is 
that our random walk is not isotropic. This difference is unimportant, since it has 
all the necessary properties like symmetry and finite covariance matrix. We also 
have fl24p . which is version of equation (17) of Lemma 3.2 of [GRS04]. From fl24p 
and from 0251) . similar calculations as [GRS04] give us Lemma [U As mentioned in 
Section 3.3 in the proof of Theorem 2.1 of [GRS04], from Lemma [T]it follows that 
F{G is disconnected ) > 0. 

Now by the inherent ergodicity of the process, we have that 

P(G is disconnected ) = 1. 

A similar argument along with the ergodicity of the random graph, may further 
be used to establish that for any k > 1 

F{G has atleast k trees ) = 1, 

and thus 

F{G has infinitely many trees ) = 1. 
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4 Brownian Web 



In this section we prove Theorem [21 We begin by recalhng from [FINR04] and 
[NRS05] the relevant details of the Brownian web. Let denote the completion 
of the space time plane with respect to the metric 

p((xi,ti),(x2,t2)) = I tanh(ti) - tanh(t2)| V - ^^'^^{^^^ |. 

i + i + \t2\ 

Let n be the space of all paths in of the form {(7r(t),t) : t > a^j} where 
cXtt G [—00, 00] denotes the starting time for path vr. The following metric, for 
VTi, 7r2 G n 

tanh(7ri(t Va^J) tanh(7r2(t V a^J) 
d(7ri,7r2) = |tanh(o-^J-tanh((T^J|V sup | , , ^ , ,, , 

t>(T^lAcr^2 -l^+Kll -'-+1^21 

makes LI a complete, separable metric space. Convergence in this metric can 
be described as locally uniform convergence of paths as well as convergence of 
starting times. Let "H be the space of compact subsets of (LI, c?), equipped with 
the Hausdorff metric (i^ given by, 

d-}i{Ki, K2) = sup inf (i(7ri, 7r2) V sup inf d{Tii,TX2)- 

The space {Hjdy^) is a complete separable metric space. Let By^ be the Borel 
(T— algebra on the metric space {'H,dfi). The Brownian web W is an {l-i^By) 
valued random variable. 

We now recall from [FINR04, Theorem 2.1] the following characterization of 
the Brownian web W. 

Theorem 3 There exists an ("H, B-^) valued random variable W, called the stan- 
dard Brownian web, whose distribution is uniquely determined by the following 
properties: 

(i) For each deterministic z & , almost surely there is a unique path tCz G 

(a) For any finite deterministic set of points Zi,...,Zk G M^, the collection 
{tTz-^, . . . , TTzJ is distributed as coalescing Brownian motions. 

(Hi) For any deterministic countable dense subset T) C M^, almost surely, W is 
the closure of {tt^ : z G V} in (LI, d). 
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For a compact set of paths K G and for t > and tQ,a,b with a < b, let 
r]Kito, t] a, b) := #{7r(to + t) : n E K with cr^ < to and 7r(to) G [a, &]}, 

be the {0,1,2,.. .,00} valued random variable giving the number of distinct points 
on R X {to + 1} intersected by some path in K which also intersects [a, b] x {to}- 
Consider the dual family of counting random variables 

Vxitoi t'l «5 b) :=#{x G (a, b) : there exists a path in X intersecting both 
M X {to} and {x,to + t)} 

We prove Theorem [2] by verifying the convergence criteria for the Brownian web for 
("H, B-u) valued random variables with non-crossing paths, proposed by [FINR04] 
and [NRS05], as the following: 

Theorem 4 Let (Xn)neN be a sequence of {l-L^By) valued random variables with 
non-crossing paths. If the following conditions are satisfied then Xn converges in 
distribution to the standard Brownian web W. 

(Ji) Let V be a countable deterministic dense subset o/M^. There exists 6^ G Xn 
for:K G V such that for any finite deterministic collection Xi, X2, . . . , G V, 
{6n^^, . . . , 6n^"^) converges in distribution as n 00 to coalescing Brownian 
motions starting from (xi, X2, . . . , x^) ■ 

(Bi) For all t > 0, limsup„^^ sM]9(„^t„)gK2P(?7^^(to, t; a, a + e) > 2) -> as e 

(El) If X is any subsequential limit of Xn, then for all to, e,a,b G M with e > 
and a <b, IE[i7^(to, t\ a, b)] < E[fiw{to, t; a, 6)] = 

4.1 Proof of condition (/i) 

For Xnil, 0") as in ([2]) to show (Ji) we need to control the tail of the distribution of 
the coalescing time of two paths starting at the same time at unit distance apart. 

Lemma 2 For (0,0), (1,0) G V, letv = inf{j : ^rj({o,o),{i,o))(0, 0) = ^^^.((o,o),(i,o))(l, 0)}. 
Then there exists a constant C > such that we have 

P(T,((0,0),(l,0))>t)<-^. 

Proof: Consider the nonnegative martingale, {Zj((0, 0), (1, 0)), J-^ ((o,o),(i,o))}) and 
we proceed in the same way as in Theorem 3 in [CFD09]. For m > 1, we want to 
find an upperbound for P(Zj+i((0, 0), (1, 0)) = m|Zj((0, 0), (1, 0)) = m). 
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(0,0) 



Figure 10: 



(m,0) 



Consider the situation as in the Figure fTOl where the vertices (0,0), (0,2), 
(m, 0), (m + 1, 1), (m + 1, 2) are open and all other nearby vertices closed, so as 
to give paths as shown in the figure. 

We thus clearly have 

P(Z,+i((0, 0), (1, 0)) = m|Z,((0, 0), (1, 0)) = m) 

< 1 - P(Zi((0, 0), (m, 0)) = m + l|Zo((0, 0), (m, 0)) = m) 

< l-(l-p)V. 

This upper bound is independent of m and for < p < 1, it is strictly smaller 
than 1. Now the same proof as in Lemma 1 of [CFD09], gives us a bound on the 
number of regeneration steps before coalescing, 

P(i/ > t) < — ^ for some Ci > 0. 

Since the time elapsed between any two consecutive regeneration steps is stochas- 
tically dominated by F, the rest of the proof follows easily. □ 

Proposition 4 Let (xi, . . . ,Xm) G he such that xi(2) < X2(2) < ■ ■ ■ < Xm(2) 
with Xj_i(l) < Xj(l) whenever Xi_i(2) = Xj(2). For a, 7 > let 

Z^^\^,a) = {Z^\t) := -LT,ilMi)n<rU^^{^)nh])(^l^nH]y,t> Xi(2)}. 

Then there exist 7 := 7(^9) and a := cr(j9) such that, as n ^ 00, we have 

{Zj^\'-f, 0"), i = 1, 2, . . . , m} converges weakly to {W^^\ i = 1,2, . . . , m}, 

where W^''^ 's are standard coalescing Brownian motions starting from Xi 's. 

Proof: We prove this by induction. Start with m = 1 and without loss of gen- 
erality assume that Xi is such that Xi(2) = 0. Note that {5fT-„(xi)(xi)(l) : n > 1} 
is a symmetric random walk with increments having moments of all order. Let 
71"''^ denote the path obtained through linear interpolation of the consecutive steps 
{^r,(xi)(xi),^r^+i(xi)(xi) : 3 > 0}. For n > 1 let 

Zl'\-f,a)(t) := — ^-?(7n2t) for t > 
na 
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where x" := ([72x1(1)0-], [77,^X1(2)7]). Now tt^'^ can be regarded as a time change 
of the random walk X{j) := {(7,- (xi)(xi)(l) : j > 0} where the time change 
is given by T(j) := Tj(xi), and X{t) and T{t) for non-integer t are defined by 
hnearly interpolating between consecutive integer times. More precisely 7r*^^i)(t) = 
X{T~^(t)). Hence we have 

Z^nHl^^M = n-'a-^X(n''^T-\n'^t)) for t > 

Note that T~^(n^7t) represents the number of renewals until the time r7^7t. 
Hence by the renewal theorem ^T~^(n^7t) converges in distribution to the linear 
function g{t) := t > 0. Taking 70 := E(Ti(xi)) as the expected regen- 

eration time and cxo as the standard deviation of the random walk X{n), from 
Donsker's invariance principle we have that Zn\'jo,ao) converges weakly to the 
Brownian motion W^^^ starting from Xi. 

Since, 

sup \^r''^t)-n''^t)\<WJ{x'l) 
te[T,(x5'),T,+i(x5')) 

where Wj{:x.^) is as in (IT^ . from (fTB|) it follows that Zn\'yQ, ctq) has the same weak 
limit as that of Zn\'-fo, cxo). Hence the proposition holds for m = 1. 

Now suppose m > 2 and consider first the case that xi(2) = X2(2) = ■ ■ ■ = 
Xm(2) = 0. We use ideas introduced in [CVll]. First with a httle abuse of notation 
for 1 < i < 777 and for 77 > 1 let x" := ([r7Xj(l)(Jo]) [^^^^4(2)70]) and for ease in 
writing let tti, . . . , vr^ denote the paths n^" ,tt^2 ^ . . . ^ 71-''™. The idea of the proof 
is to modify the paths tti, . . . , tt^ in such a manner that the modified path vTm 
is independent of the remaining paths. Thus enabling us to conclude from the 
induction hypothesis that the first m — 1 paths converge to coalescing Brownian 
motions, while the last being independent also coalesces with these coalescing 
Brownian motions. Our task would then be to show that this modification can be 
done with a probability which goes to 1 as 77 —)■ 00. 

Before we embark on the proof we need a notation. The exploration box for 
the j th regeneration of the path {h"'{u),n > 0)} is denoted by 

D,iu) := 7r"(T,(u)) + [-W,in),W,in)] x [T,(u), T,+i(u)]. (26) 

We start with two independent collections, a green collection {f/| : x G Z^} 
and a red collection {U^ : x G Z^} of i.i.d. f/(0, 1) random variables which are also 
independent of the original collection {f/x ^ x G Z^}. 

For 1 < -7 < m let 

a. = af) :=inf{j:W^,(xn>r7"}, 
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where a > is a suitable constant to be specified later, i.e. CTj is the first regenera- 
tion step such that the width of the explored region to obtain the next regeneration 
is suitably large. (This is represented by the box for the path tTj in Figure ITTl) 




Figure 11: Construction of the original path tTj and the modified green path 7rf. 

For 1 < i < m — 1, let vrf denote the path obtained from the collection {?7x '■ 
x(2) < T^,(x7)} U {U9 : x(2) > T^,(x7)}. Thus vrf, the green path, coincides 
with the original path tTj until time To-,(x"), and thereafter it is independent of the 
original path. 

Let DQ^i), Df{i), ... be the exploration boxes of widths Wq^i), Wf{i), ... re- 
spectively, obtained from the regeneration steps T^{i),Tf {%),.. . of the path vrf. 
For t G N, let Vt := max{x : (x, t) G U™r["^ Uj>o -D|(i)} denote the rightmost 
boundary point at a height t of the exploration boxes of the first m — 1 green 
paths and U := min{a; : (x, t) G Uj>o-Dj(m)} denote the leftmost boundary point 
at a height t of the exploration boxes DQ{m)^ Di{m), ... of the path vr^ obtained 
from the original process. Let t* = min{t : \rt — lt\ < 2n°'}, and let 

fijn = fJ'm •= • there exists {lt*,t*) G Dj{m)}, 

i.e., D^^{m) is the first exploration box of the path vTm which comes closer than a 
distance 2n" from some exploration box of the first m — 1 green paths. 

Let vr^ denote the red path obtained from the collection 
{U^ : x(2) < min{T^^(x^),T<,„(x;;)} U {[/^ : x(2) > min{T^^(x^), T.„(x;^)}} 
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and if vr^ intersects any of the m — 1 paths Trf,..., 7r,^„i at a lattice point then 
from that point onwards it coalesces with the intersected green path. Thus vr^, the 
red path, coincides with the original path tt^ until time min{T^^(xJ^), To-„(xJ^)}, 
and thereafter it is independent of the original path as well as the first m — 1 green 
paths till coalescence. 
Now let 

Bn,s := {TaA^D > sn^ : for all 1 < z < m}, 

represent the event that until time sn"^ each of the the green paths coincide with 
its corresponding original path and that no exploration box of the path tt^ has 
width larger than ra". Clearly, from 

< msn^P(r > n"). 

and hence from (ITT]) it follows that for any a > we have P(-B^ 3) — i- as n — )■ 00. 
Let 

rpo ^ yo,n ._ . ^.(^^^ ^ ^^(^^^1 gQ^g 1 < i < m - 1} and 

rpr ^ yr,n ._ . _ ^r^(^) ^^^^ 1 < i < m - 1}. 

Taking y4„ := {T^^(xJ^) > sn^}, as in the proof of Proposition 3.7 of [CVll], it 
suffices to show that, as n — )■ oo, 

P((T° > T,J^l) + ni) n n Ai:) ^ and (27) 

P((T'^ > r^,„(x::,) + ni) n n A^;) ^ O. (28) 

On the event Bn^s^A'^^, the exploration box D^^{m) lies at a distance smaller 
that 2?T," from the exploration box Dj{i) for some 1 < i < m — 1 and some j > 0. 
Let to •= niax{t : (x, t) G -Dj(«) U D^^{m)} and start with two vertices x^, and x; 
on the line Y = 1^ where 

x, = X- := (7r„(T^„+i(x;;)),to) + (2n^O) and x, = xf := (7r,(T,+i(xn), to)-(2n^ 0) 

Consider two paths tt; and vr^ starting from x; and x^ respectively using the original 
collection of uniform random variables {t/x : x G 1?}. Let T''*^ := inf{t : t > 
toyT^iit) = TCrit)} denote the coalescing time for tti and vr^. Note that for T''^ we 
have nice tail estimates from Lemma [2j On the event 

F := {ms.x{W,i^), H^,+i(0, W,Jm), W„„+^im)} < n"}. 
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Figure 12: On the event B^^s H (^n,s)'^ H -P, for t > T^^(x^) and for some 1 < i < 
m — 1 both the original paths 7r(i) and 7c{m) get sandwiched between tt; and tTj.. 



both 7rj()f:o) and TTmito) he between and x^; and neither x; nor x,. he in the 
exploration boxes of vTj and TTm- Hence, on F we have T°'" < T'"'^ (See Figure [T^ . 
For a < 7 < |, p G (0, 1) and from f|T5|) we have, 

P({T" > T^,„(x;;) + ni} n n 

< P({T° > T^^(x^) + nl}n n F n + F{F') 

< P({T''^' > T^„(x;;) + ni}n Br,,s nFn + P(F^) 

V - 2n°^ 
— )■ as n — 7- cxD. 



This completes the proof for ([2 

Let Tp'^l'x^) denote the time taken for j th regeneration of the two indepen- 
dent processes {limit) : t > T^^(x;:^)} and {n'^{t) : t > T^„(x;^)} starting from 
fi'Tp„{m)(x^)- From our earlier discussion it follows that {nm(Tp'^(±^)) : j > 0} 
and {n^{Tp'^{-x^)) : j > 0} are two independent recurrent random walks. Hence 
the coalescing time for the modified path vr^ and the original path tt^ is lesser 
than the time taken by the random walk {7r^(r™'^(xJ^)) — 7rm(Tj"'^(xJ^)) : j > 0} 
starting from to hit 0. Since the above mentioned random walk has finite second 
order moment, by Proposition P3 of Spitzer [(2001), page 381], the proof for (!28|) 
follows. The remaining part of the proof for Proposition H] is similar as in the 
Proposition 3.7 in [CVll]. 
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We now consider the general case and proceed by induction on m > 1. We use 
ideas introduced in the proof of Part III in Theorem 4 of [CFD09]. For m = 1 there 
is nothing to prove. Suppose that for some m > 2 the result holds for m — 1. Let 
zq be the maximum of z's such that Xj(2) > Xj_i(2). By the induction hypothesis 

({Z^*^(7o, (To){t) : Xi(2) <t< Xi„(2)}, I < i < io) converges weakly to 

i{W^'\t) : x,(2) < t < x,„(2)}, l<t< to), 

and by Skorohod's representation theorem we can suppose that the convergence 
is almost sure. We first introduce some notations. For an ("H, valued random 
variable X, define X'^ to be the subset of paths in X which start before or at 
time s and for s < t, define X^ '* to be the set of paths in X^ truncated before 
time t. When s = t, we denote X^ '* simply by X^. Also let X{t) C M denote the 
set of values at time t of all paths in X. With a little abuse of notation X{t) is 
also used to denote the set of points {X(t),t) C M?. For 1 < i < let 

rj, = rj^ := min{j : T,{^^) > x^,(2)} and T^„,. = T^,, := max{T,.(xn : 1 < ^ < ^o} 

Consider the random point sets 

Ar, := {(7r,(T,,(xr)),T^a..) : 1 < 2 < 2o} U {(xi:,(l), • • • , «{l),T^a.)}, 

A ■= {W' : 1 < z < io}(xio(2)) U {x^^, Xi„+i, . . . ,x„}. 

All the points in An C are on the line Y = Tmax and we do not have any 
information about the uniform random variables {f/x '■ x(2) > Tmax}- (See Figure 

It is easy to see that under the diffusive scaling An converges to A almost surely 
as n — )■ oo. Let denote a ("H, B-u) random variable consisting of paths starting 
from a random subset of 7? distributed as F and let Xnilo^o'o) := {(^^, '■ 
X G x^}- By Lemma 6.5 of [NRS05] and by part 1 of Proposition 4, we have, 

X^"'(7o,cro) converges weakly to W^, 

where denote the process of coalescing Brownian motions starting from a 
random point set distributed as A. Let 

r/X(l) X(2), 

7r„(7o, ctq) := |( , — ) : x G TTj for some 1 < i < m} 

ncTo n^7o 

denote a ("H, By^) valued random variable which consists of diffusively scaled orig- 
inal paths 111, . . . ,71^- We need to show that Xn"(70)'^o) and vr„(7o, Co)'''''*'^''^ 
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Figure 13: The construction of the original paths tTj for 1 < i < m and the set of 
paths in x^" for rn = 2. The two shaded vertices form the set An- The coalescing 
time between the paths in x"^" and Hi for 1 < i < m converges to under diffusive 
scaling. 

have the same weak limit. Fix a uniformly continuous bounded function H : 
^([0, cx)])™ -> M. It suffices to show that 

hm E|[i^(x^(7o,ao)) -i:^(vr„(7o,^o)T"^'^)]| = 0. 
Fix < 7i < 2. Consider the event En where, 

En := {x^(7o,^o)(^) = vr„(7o, ao)^^«^'^(t) : t > ^,,{2) + n^^-^} . 

We have 

n[H{x^")-H{nn{lo,crop'^"^)]\ 

< E|[/^(x^) - if(vr„(7o,ao)^^«^'^)]l,,J + \\H\\^F{E:). 

By uniform continuity of H the first expectation converges to zero as n — )■ oo. 
Using a similar sandwiching technique we can show that the paths in Xn"ilo,<^o) 

- Xi (2) 

coalesce with the paths in vfn(7o, cro)^^*'' fast and infact P(-E^) — )■ as n — )■ oo. 
This finally proves Proposition HJ □ 
In order to prove condition (Ei) we need the following lemma. 
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Lemma 3 Suppose at time paths {gj{z,0) '■ j > 0} start from {z,0) for all 
z E Tj. For t > 1, let Et be the event that there exist j G N and 2; G Z such that 
gj{z, 0) = (0, t), then 

p(^,) < I 

for some positive constant C independent of everything else. 

Lemma [3] and its proof is similar to that of Lemma 2.7 in [NRS05]. 

Let Zt^^ be any subsequential limit of Xn (70)C"o)- Proceeding in the same way 
as in [NRS05] we first obtain that for any e > 0, Ztg{to + e) is locally finite almost 
surely. We have to show that zl^^°^''\ the set of paths in truncated before time 
to + e, is distributed as W^'^oi^o+a) ^ coalescing Brownian motions starting from 
the random set Zf^lto + e) C M^. It is enough to show that the finite dimensional 
distributions converge. Fix — oo<a<6<oo. Let 

■■={^--^^ and vr(to + e) G (a, b)} 

denote the set of paths in Zfg which pass through (a, b) x (tg + e) and let 
ZtM^ b) ■= z[:%,ito + e) = Mto + 6) : vr G ^(^^^(t)}- 

It suffices to show that 6) distributed as W'^*o^°''^\ i.e., coalescing Brownian 

motions starting from the random point set Zl^{a,b) C M^. As mentioned in 
[NRS05], the keypoint is to observe the paths as processes regenerating from a 
suitable (random) point set so that we can use Proposition H] along with the Lemma 
6.5 in [NRS05]. In case of our model consider the regeneration steps such that for 
the first time the vertical distance traversed in the rescaled lattice are greater 
than or equal to to + Suppose T^ax is the maximum vertical distance traversed. 
Consider the random point set consists of projection of regeneration steps on the 
line Y = T^ax- By what we have done earlier it follows that paths originating from 
this random point set and the original paths have the same weak limit iy^'o^°'''\ 
Acknowledgements: Kumarjit Saha is grateful to Indian Statistical Institute for 
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